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Abstract
A fifth–order nonlinear partial differential equation for the descrip-
tion of nonlinear waves in a liquid with gas bubbles is considered.
Special solutions of this equation are studied. Some elliptic and sim-
ple periodic traveling waves solution are constructed. Connection of
self–similar solutions with Painleve transcendents and their high–order
analogous is discussed.
1 Introduction
Nonlinear ordinary and partial differential equation play an important role in
studying various phenomena in modern science (see, e.g. [1–6]). Particulary,
nonlinear partial differential equation are widely used for studying nonlinear
waves and structures (see, e.g. [5–9]). Recently, a fifth order partial dif-
ferential equation has been derived for description of nonlinear waves in a
liquid with gas bubbles [10]. In the purely dispersive case (i.e. neglecting
dissipative effects) this equation has the form:
vt + αvvx + βvxxx + ε
[
α(2λ1 + λ2)
2
v2vx + (2βα− β1 + 3βλ2)vvxxx+
+2β2vxxxxx + (6βα− β2 + 3βλ2 + 6βλ1 − 2αλ3)vxvxx
]
= 0.
(1)
where t is the non–dimensional time, x is the non–dimensional Cartesian co-
ordinate, v is the non–dimensional perturbation of gas–liquid mixture den-
sity, α, β, β1 are non–dimensional physical parameters, λ1, λ2 and λ3 are
1
arbitrary parameters introduced by near–identity transformations (see [10]).
Let us remark that equation (1) is a three–parametric family of equations
parameterized by λ1, λ2 and λ3. Note also that equation (1) can be used for
description of nonlinear waves on a surface of shallow water [11] and in other
applications [10].
There are three integrable nonlinear evolution equations among members
of family (1): the Lax equation (the fifth–order Korteweg–de Vries equa-
tion), the Kaup–Kupershmidt equation and the Sawada–Kotera equation.
Consequently all of them can be used for the description of nonlinear waves
in a liquid with gas bubbles. Although special solutions of the Lax equa-
tion have been well studied, less attention has been paid to special solutions
of the Kaup–Kupershmidt and Sawada–Kotera equations. Thus there is an
interesting problem to study special solutions of these equations.
Below we construct elliptic and simple periodic traveling wave solutions of
the Kaup–Kupershmidt and Sawada–Kotera equation. We believe that some
of these solutions are obtained for the first time. We also show that self–
similar reductions of the Kaup–Kupershmidt and Sawada–Kotera equation
are connected with the Painleve transcendents and their high–order analo-
gous [12, 13].
The rest of this work is organized as follows. In the next section we in-
troduce main equations and transform them to canonical forms. We investi-
gate traveling wave solutions of the Kaup–Kupershmidt and Sawada–Kotera
equations in Section 3. Section 4 is devoted to self–similar solutions of these
equations. We also discuss connection of these solutions to the Painleve tran-
scendents and its high–order analogous in Section 4. In Section 5 we briefly
discuss our results.
2 Main equations
Let us show that equation (1) can be transformed to the Kaup–Kupershmidt
and Sawada–Kotera equations.
Indeed, if we assume that
λ1 =
12αβ − β1
6β
, λ2 =
6αβ + 2β1
6β
, λ3 =
34αβ − 4β2
8α
, (2)
then from (1) we get
vt+αvvx+βvxxx+ε
[
5α2
2
v2vx+5βαvvxxx+
25
2
αβvxvxx+2β
2vxxxxx
]
= 0 (3)
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Using in (3) scaling transformations
t =
1
2β2ε
t′, x = x′ − 1
20β2ε2
t, v =
4β
α
v′ − 1
5αε
(4)
we obtain a canonical form of the Kaup–Kupershmidt equation (primes are
omitted):
vt + 20v
2vx + 10vvxxx + 25vxvxx + vxxxxx = 0 (5)
Now let us proceed to the case of the Sawada–Kotera equation. Using
the following values of λi, i = 1, 2, 3 in (1):
λ1 =
12αβ − β1
6β
, λ2 =
6αβ + 2β1
6β
, λ3 =
16αβ − β2
2α
, (6)
we have
vt+αvvx+βvxxx+ε
[
5α2
2
v2vx+5βαvvxxx+5βαvxvxx+2β
2vxxxxx
]
= 0 (7)
Applying scaling transformations
t =
1
2β2ε
t′, x = x′ − 1
20β2ε2
t′, v =
2β
α
v′ − 1
5αε
(8)
from (7) we obtain a canonical from of the Sawada–Kotera equation (primes
are omitted):
vt + 5v
2vx + 5vvxxx + 5vxvxx + vxxxxx = 0 (9)
Equations (5) and (9) were introduced in works [14, 15] and [16] corre-
spondingly. Let us remark that solutions of these equations are connected
with point vortex and nonlinear special polynomials theories [17, 18]. Below
we consider traveling wave and self–similar solutions of Eqs.(5), (9).
3 Traveling wave solutions
In this section we consider traveling wave solutions of Eqs. (5), (9). We
construct meromorphic solutions of these equations which are expressed via
the Weierstrass elliptic function and trigonometric functions.
Note that elliptic functions are characterized by the number of poles in
a parallelogram of periods which is called the order of an elliptic function.
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Here we construct second–order, fourth–order and six–order traveling wave
elliptic solutions of Eqs. (5), (9). We also consider some simple periodic
traveling wave solutions of Eqs. (5), (9).
For finding elliptic solutions we use an approach presented in [11, 19–
23] This approach allow us to systematically construct elliptic solutions of
different orders.
Note that throughout this section we denote by z0 an arbitrary constant
corresponding to the fact that traveling wave reductions of Eqs. (5), (9) are
autonomous equations.
Let us consider traveling wave reduction of equation (5). Using the fol-
lowing variables v(x, t) = −3
2
y(z), z = x − C0t in (5) and integrating once
with respect to z we get
yzzzz = 15yyzz +
45
4
y2z − 15y3 + C0y + C1 (10)
where C1 is an integration constant.
Equation (10) is F-III equation from the classification by Cosgrove [24].
The general solution of (10) is expressed via the hyperelliptic function of
genus 2. Nevertheless, it is worth constructing some particular solutions of
(10) in the explicit form. These solutions can be useful for investigation of
waves processes described by (5).
Below, we construct elliptic and simple periodic solutions of (10). We
recover some elliptic solutions obtained in [23]. We also obtain some new
elliptic and simple periodic solutions of (10).
Equation (10) admits the following elliptic solutions with one double pole
in a parallelogram of periods:
y = ℘{z − z0, g2, g3}, g2 = 4
3
C0, g3 = −4
3
C1,
y = 8℘{z − z0, g2, g3}, g2 = 1
132
C0, g3 =
1
624
C1
(11)
We can construct the following non–trivial fourth–order elliptic solution
of (10):
y =
1
4
[
℘z{z − z0, g2, g3} ± 112
√
6C1 + 12C0A− 144A3
℘{z − z0, g2, g3} −A
]2
− 2A,
g2 = 15A
2 − C0
3
, g3 =
1
4
C0A− 1
24
C1 − 10A3
(12)
where A is an arbitrary constant.
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Figure 1: Exact solution (12) of equation (10) at A = 0.903, C0 = 10 and
C1 = 0.
Figure 2: Exact solution (15) of equation (10) at A = 1.01i and T = 3i.
Plot of solution (12) is presented in Fig.1. We can see that solution (12)
represents periodic two–crest wave.
The six–order elliptic solution of (10) has the form:
y = 6℘{z − z0, g2, g3}+ 1
4
[
℘z{z − z0, g2, g3}+B
℘{z − z0, g2, g3} − A
]2
+
+
1
4
[
℘z{z − z0, g2, g3} − B
℘{z − z0, g2, g3} − A
]2
− 4A,
g2 = 12A
2 − 8B1
√−A, g3 = −B2 − 8A3 − 8B(−A)3/2
(13)
where A and B are arbitrary constants and the following relations hold
C0 = 1584A
2+264B(−A)1/2, C1 = 1560B2−4992A3−13728B(−A)3/2 (14)
Now let us consider simple periodic solutions of equation (10). We know
that there are solutions of equation (10) in the form of one–peaked solitary
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waves. However it is interesting to find solitary wave solutions of equation
(10) with more complicated structure. Usually such solutions contain three
arbitrary constants. Below, we give an example of such type solution.
We can find the following solitary wave solution of equation (10) contain-
ing three arbitrary constants
y =
pi2
T 2

2 + tan2{pi(z − z0)
T
}
+

A tan
{
pi(z−z0)
T
}
− 1
tan
{
pi(z−z0)
T
}
+ A


2

− pi2(3A2 + 4)
3T 2
(15)
where A and T are arbitrary constants. There are also correlations on pa-
rameters C0 and C1:
C0 =
pi4
T 4
[16+15A2(3A2+4)], C1 =
2pi6
T 6
[
−64
9
+ A2(15A4 + 30A2 + 8)
]
(16)
The plot of solution (15) is presented in Fig.2. We can see that solution
(15) represents two–crests solitary wave.
We believe that solutions (13), (15) are obtained for the first time.
Now let us consider traveling wave reduction of (9). Using the following
variables v(x, t) = −6y(z), z = x − C0t in (9) and integrating once with
respect to z we get
yzzzz = 30yyzz − 60y3 + C0y + C1 (17)
where C1 is an integration constant. Equation (17) is F-IV equation from the
classification by Cosgrove [24]. The general solution of (17) is expressed via
the hyperelliptic function of genus 2. However it is interesting to construct
meromorphic solutions of (17) in the explicit form.
Let us find some elliptic solutions of (17) in the explicit form. We recover
some elliptic solutions of (17) presented in [23]. We also obtain some new
meromorphic solutions of (17). Second–order elliptic solutions of (17) have
the form
y = ℘{z − z0, g2, g3}+ h0, g2 = 60h20 −
C0
3
, g3 = 80h
3
0 −
C0
2
h0 − C1
12
,
y = 2℘{z − z0, g2, g3}, g2 = C0
12
, g3 = −C1
24
(18)
Equation (17) admits three different fourth–order elliptic solutions. The
first one in the following:
y =
1
4
[
℘z{z − z0, g2, g3}+B
℘{z − z0, g2, g3} − A
]2
− A, g2 = C0
12
, g3 = 4A
3 − B2 − C0A
12
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Figure 3: Exact solution (19) of equation (17) at A = 0.1, C0 = 1 and
B = 0.017
(19)
where A and B are arbitrary constants and the following relation holds
C1 = 2C0A+ 24B
2 − 96A3 (20)
The second fourth–order elliptic solution has the form
y =
1
4
[
℘z{z − z0, g2, g3}
℘{z − z0, g2, g3} − A
]2
+ h0,
g2 =
C0
12
− 15(A+ h0)(3A+ h0), g3 = 15Ah0(h0 + 4A) + 49A3 − C0A
12
(21)
where A and h0 are arbitrary constants and the following relation holds
C1 = 1440Ah0(3h0 + 4A)− 2C0(2A+ 3h0) + 3(768A3 + 320h30) (22)
Equation (17) also admits the following fourth–order elliptic solution
y =
1
2
[
℘z{z − z0, g2, g3}
℘{z − z0, g2, g3} − A
]2
− 4A,
g2 = 15A
2 − C0
48
, g3 =
A
48
(C0 − 528A2)
(23)
and the following relation holds
C1 = 4A(192A
2 − C0) (24)
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(a) Six–order solution (26) at A = 1 and
B = −0.0002.
(b) Six–order solution (27) at A = 1 and
B = 0.0007.
Figure 4: Six–order elliptic solutions of equation (17).
Solution (19) was obtained in [23]. We believe that solutions (21), (23) are
presented for the first time. We present the plot of solution (19) in Fig.3.
We can see that this solution represents two–crest periodic wave.
Let us present six–order elliptic solutions admitted by (17). There are
three different types of non–degenerated six–order elliptic solutions. The first
solution has the form
y =
1
4
([
℘z{z − z0, g2, g3} −B
℘{z − z0, g2, g3} −A
]2
+
[
℘z{z − z0, g2, g3}+B
℘{z − z0, g2, g3}+ A
]2)
,
g2 =
C0
132
, g3 =
C1
312
, A =
√
33C0
132
, B =
√−78C1
156
(25)
The second six–order elliptic solution is the following
y =
1
4
([
℘z{z − z0, g2, g3}+B
℘{z − z0, g2, g3} − A
]2
+
[
℘z{z − z0, g2, g3} − B
℘{z − z0, g2, g3} − A
]2)
−
−℘{z − z0, g2, g3} − 3A,
g2 = 12A
2 + 4
√
3AB, g3 = −8A3 − B2 − 4
√
3A3B,
C0 = 144A
2 + 108
√
3AB, C1 = 192A
3 − 324B2 + 72
√
3A3B
(26)
Here A and B are arbitrary constants.
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Now we present the third six–order elliptic solution:
y =
1
2
([
℘z{z − z0, g2, g3}+B
℘{z − z0, g2, g3} − A
]2
+
[
℘z{z − z0, g2, g3} − B
℘{z − z0, g2, g3} − A
]2)
−
−2℘{z − z0, g2, g3} − 8A,
g2 = 12A
2 − 4
√
3AB, g3 = −8A3 − B2 + 4
√
3A3B,
C0 = 144A
2 + 432
√
3AB, C1 = 192A
3 − 648B2 − 1440
√
3A3B
(27)
where A and B are also arbitrary constants.
Figure 5: Simple periodic solution (28) of equation (17) at C0 = 1 and
A = 0.1.
Note that solution (25) was obtained in [23]. We believe that solutions
(26) and (27) are new.
Plots of solutions (26) and (27) are presented in Fig.4. We see that these
solutions represent three-crest periodic waves.
It is worth considering degenerate cases of above presented fourth–order
and six–order elliptic solutions. Note that the Weierstrass elliptic functions
degenerates to rational or trigonometric functions in the case g32 − 27 g23 = 0.
We considered all of above presented fourth–order and six–order elliptic so-
lutions assuming that this relation holds. We found that the most interesting
case corresponds to solution (19).
Indeed, let B = B1 = 1/36
√
5184A3 − 108C0A+ 6C3/20 in (19). Replac-
ing the Weierstrass elliptic function on k2/3(3 tanh2{k(z − z0)} − 2), k =
C
1/4
0 /2 in (19) we obtain the following simple periodic solution of equation
(17):
y =
1
4
[
2k3 tanh{k(z − z0)} cosh−2{k(z − z0)}+B1
k2/3(3 tanh2{k(z − z0)} − 2)−A
]2
− A, k = C
1/4
0
2
9
(28)
Here A is an arbitrary constant. The plot of solutions (28) is presented in
Fig.5. We can see that this solution is a double–picked solitary wave.
We can also construct simple periodic solutions of (17) using an approach
from [19]. Solution analogous to (28) has the form
y =
pi2
T 2

2 + tan2
{
pi(z − z0)
T
}
+

A tan
{
pi(z−z0)
T
}
− 1
tan
{
pi(z−z0)
T
}
+ A


2

− 2pi2
3T 2
(29)
where A and T are arbitrary constants and the following relations holds
C0 =
16pi4
T 4
, C1 = −64pi
6
9T 6
(30)
Solution (29) represents a double–picked solitary wave as well. To the
best of our knowledge solutions (28), (29) are new.
Let us discuss solutions which were obtained above. We see that there
are periodic solutions with simple structure i.e. solutions with one crest.
Also we have found two–crest and three–crest periodic solutions. Thus we
see that there are three type of periodic waves can exist in a liquid with
gas bubbles. We believe that possibility of existence two–crest and three–
crest periodic waves was discovered for the first time. We have also obtained
double–picked solitary wave solutions of equations (10), (17). We suppose
that possibility of existence of such waves in a liquid with gas bubbles was
also shown for the first time.
4 Self–similar solutions
In this section we consider self–similar solutions of equations (5) and (9). We
discuss relation of these equations to the Painleve equations and their high–
order analogous. We also give some special self–similar solutions of these
equations.
Let us consider self–similar solutions of the Kaup–Kupershmidt equation.
We use the following variables in (5)
v = −3
2
(5t)−2/5w(z), z = x(5t)−1/5 (31)
to obtain
wzzzzz − 15wwzzz − 75
2
wzwzz + 45w
2wz − 2w − zwz = 0 (32)
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Equation (32) can be presented in the form(
d3z − 3wdz −
3
2
wz
)
H = 0, H [w] = wzz − 6w2 + 2
3
z (33)
Here and below we denote by dz derivative with respect to z.
This equation admits the following first integral
HHzz −H2z − 3wH2 = C1, (34)
where C1 is an integration constant. Obviously, at C1 = 0 particular solutions
of (32) can be expressed via the first Painleve transcendent
H [w] = wzz − 6w2 + 2
3
z = 0 (35)
In the case of C1 = 1 one can find a four–parametric family of solutions
of equation (32) which is expressed via the first Painleve transcendent as
well [24].
Using Miura transformations
w = −1
3
(2uz − u2) (36)
from (33) we obtain
(dz − u)dz(uzzzz + 5uzuzz − 5u2uzz − 5uu2z + u5 − zu − β) = 0 (37)
Thus we see that solutions of (32) can be expressed via solutions of the first
member of the K2 hierarchy [25]. This equation admits rational solutions
which are expressed via nonlinear special polynomials [17, 18].
Let us present some rational solutions of (32). Using special polynomials
from work [17] and Miura transformation (36) we have
w =
1
z2
, w =
8
z2
, w =
5z3(z5 − 144)
(z5 + 36)2
, (38)
Let us consider self–similar solutions of the Sawada–Kotera equation. We
use the following variables in (9)
v = −6(5t)−2/5w(z), z = x(5t)−1/5 (39)
to obtain
wzzzzz − 30wwzzz − 30wzwzz + 180w2wz − zwz − 2w = 0 (40)
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Equation (40) can be presented in the from
(
d3z − 24wdz − 12wz
)(
wzz − 3w2 + 1
12
z
)
= 0 (41)
These equations admits the first integral
2HHzz −H2z − 24wH2 = C1, H [w] = wzz − 3w2 +
1
12
z (42)
where C1 is an integration constant. Consequently, we see that at C1 = 0
equation (40) admits solutions which are expressed via the first Painleve
transcendent. A four–parameter solution of (42) at C1 = 0 is expressed in
terms of the first Painleve transcendent as well [24].
The Miura transformation
w =
1
6
(uz + u
2) (43)
connects solutions of (42) with solutions of the first member of the K2 hier-
archy
(dz + 2u)dz(uzzzz + 5uzuzz − 5u2uzz − 5uu2z + u5 − zu − β) = 0 (44)
This equation admits rational solutions that are expressed via nonlinear spe-
cial polynomials [17, 18].
We can also construct rational solutions of (40) using special polynomials
from work [17] and Miura transformation (43). Some of these solutions have
the form
w =
1
z2
, w =
2
z2
, w =
5z3(z5 + 576)
(z5 − 144)2 , w =
7(z10 + 1152z5 + 72576)
z2(z5 − 504)2
(45)
In this section we have discussed self–similar solutions of (5), (9) and
their connection to Painleve transcendents and their high–order analogous.
We have presented some rational self–similar solutions of (5), (9) in the
explicit form.
5 Conclusion
We have considered special solutions of a fifth–order nonlinear evolution
equation for description of nonlinear waves in a liquid with gas bubbles.
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We have shown that this equation is connected with the Kaup–Kupershmidt
and Sawada–Kotera equations. We have constructed some new elliptic travel-
ing wave solutions of the Kaup–Kupershmidt and Sawada–Kotera equations.
We have also obtained some simple periodic solutions of these equations. We
have discussed connection of self–similar solutions of these equations with
Painleve transcendents and their high–order analogous. We have shown pos-
sibility of existence of complex periodic waves with two and three crests in
a liquid with gas bubbles. We have also found possibility of existence of
double–peaked solitary waves in a liquid with gas bubbles.
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